Field theory is applied to analyze the behavior of the electromagnetic wave in the presence of a solid electron beam and magnetized plasma-loaded tape helix travelingwave tube. The obtained dispersion relation implicitly includes azimuthal variations and all spatial harmonics of the tape helix. Results indicate that the frequency and the phase velocity of (X bp -X p ) and (O bp -X p ) modes increase with cyclotron frequency and for (O bp -O p ) and (X bp -O p ) modes decrease. In the strong magnetic field limit, the maximum growth rate and frequency of all modes are constant at different values of cyclotron frequency and beam energy. If the plasma density increases, the frequency and phase velocity of four modes will increase. The maximum growth rates of the four modes in the lower plasma density are equal and for higher values of plasma density the (O bp -X p ) mode has greatest value. The phase velocity and the frequency of (X bp -X p ) with (X bp -O p ) modes and (O bp -O p ) with (O bp -X p ) modes are coinciding with each other and for first case increase with beam density, but for latter decrease. The maximum growth rate of (O bp -O p ) mode and the maximum frequency of (X bp -X p ) mode have highest values as a function of the electron beam density.
Introduction
In recent years, there has been increasing interest in high-power and high-frequency microwave devices for generating radiation at millimeter and sub-millimeter wavelengths. The relativistic traveling-wave tube (TWT) is an important high-power microwave apparatus, developed over the last several decades [1] [2] [3] [4] [5] . One of the common features of a TWT is a slow-wave structure (SWS) such as a dielectric material, disk-loaded waveguide, or a helix [6] [7] [8] [9] [10] . The physical mechanism of operation is that the SWS reduces the phase velocity of the electromagnetic wave to synchronize it with the electron beam velocity so that a strong interaction between the two can take place.
Pierce and his co-workers [11] [12] [13] employed the coupled-wave analysis in their pioneering work, and the analysis of TWT improved using linear theories based on the Maxwell's equations in a sheath helix [14, 15] . The coupled-wave Pierce theory recovers the near-resonant limit. Both coupled-wave and field theories of TWT have discussed in [16] and [17] . Freund and co-workers developed the field theories of beam-loaded helix TWTs for tape helix model [18] . Freund and co-workers [19] described the numerical comparison between the complete dispersion equation and the Pierce model in helix TWT and shown that the coupled-wave theory breaks down for sufficiently high currents. The complete field theory is more exact than the coupled-wave theory.
The Experimental results show that the presence of plasma considerably enhances the interaction gain and the output power in comparison with vacuum. The plasmaassisted tubes can improve the transportation of larger beam current and also guide the beam without requiring a very strong guide field [20, 21] . For high-power devices driven by intense electron beams, neutralizing plasma can shield the beam space-charge effects. Experimental investigation for the electromagnetic properties of corrugated and smooth waveguide filled with inhomogeneous plasma done with Shkvarunets [22] . Nusinovich et al. [23] shows that in the case of operating at frequencies between the plasma frequency and the upper-hybrid frequency, the space-charge forces can significantly enhance the efficiency.
The purpose of the present paper is investigating the effects of plasma density, axial guide magnetic field, and beam energy and density on the growth rate and phase velocity of the system. The schematic illustrations of boundaries shown in Fig. 1 include three regions: (1) inside the beam that includes the electron beam and plasma (2) between the beam and helix that includes plasma (3) between the helix and the wall, which is a vacuum. We are investigating these effects on the four modes: (1) The coupling of the beam-plasma extraordinary mode and the plasma extraordinary mode in regions I and II, respectively (X bp -X p ), (2) the coupling of the beam-plasma ordinary mode and plasma ordinary mode in regions I and II, respectively (O bp -O p ), ( 3) The coupling of the beamplasma extraordinary mode and plasma ordinary mode in region I, II, respectively (X bp -O p ), (4) The coupling of the beam-plasma ordinary mode and plasma extraordinary mode in region I and II, respectively (O bp -X p ). It is important to note that this nomenclature is only for convenience. More accurately, the O-and X-modes characterize modes propagating perpendicular to the ambient magnetic field in an infinite homogeneous plasma, while we are perceive with the modes propagating parallel to the ambient magnetic field in a bounded beam and/or plasma enclosed by both a tape helix and a conducting wall. We expand to a complete self-consistent and relativistic field theory of the plasma-loaded helix TWT by solution of the relativistic fluid equation and Maxwell's equations. The dispersion relation implicitly contains space-charge effects without recourse to a heuristic model of the space-charge field.
The organization of the paper is as follows. Section 2 is devoted to the derivation of the perturbed transverse fields in regions 1 and 2. The dispersion relation is determined in Sect. 3 through application of the appropriate boundary conditions upon the solution of Maxwell's equations. In Sect. 4, we deal with numerical results and conclusion.
Perturbed transfer fields
We used the equilibrium model of a solid electron beam that propagates through a plasma-filled tape helix in the presence of a uniform axial magnetic field B 0 ¼ B 0êz . The azimuthally symmetric charge density described by n 0 r ð Þ ¼ n b HðR b À rÞ where n b is the ambient beam density, R b is the beam radius, and H is the Heaviside function. Figure 1 shows the schematic cross-section of the system. It supposes that the beam propagates uniformly along the symmetry axis of the system, and the equilibrium velocity is v 0 ¼ v 0êz .
Here, the employed helix is thin enough such that a conducting cylindrical sheet of radius R h , width 1, and pitch angle u can model it. The unit vector describing the pitch of the helix is [18] e u ¼ê h cos u þê z sinu:
We found the perturbed current density and the beam velocity in regions (I) and (II) by small perturbations about the equilibrium state in which n e = n 0e ? dn e and v e ¼ v 0e þ dv e for electron beam, and n p = n 0p ? dn p and v p ¼ dv p for cold plasma. Here, we neglected the nonlinear effects. The linearized continuity and momentum transfer equations for electron beam and cold plasma are as follows For electron beam
For cold plasma
here, e and m e are charge and rest mass of the electron, respectively. b 0e = v 0e /c is the normalized axial velocity of the electron beam, c 0e = 1/(1 -b 0e 2 ) 1/2 andX ce ¼ eB 0 = c 0e m e c ¼ X ce =c 0e stand for relativistic factor and the Fig. 1 Cross-sectional view of the structure. The conducting wall is at radius R g and plasma fills the region between 0 and R h . The relativistic electron beam along with the cold plasma fills the region between R = 0 and R b electron cyclotron frequency. Fluctuating electric and magnetic fields are designated by dE and dB and I is the unit dyadic.
To determine the periodicity of the steady state, Floquet's theorem requires that all perturbed quantities have the following complex Fourier series representation [18] :
Here, k m = k ? mk h denotes the wave number and x is the angular frequency. Inserting an Eq. (5) 
Here, Dx m = x -k m v 0e . For cold plasma
iX ce c 0e
The perturbed current density in the region (I) is given by
And in region (II), the perturbed current density is
Substituting Eqs. (6)-(9) into the Eq. (10) yields the perturbed current density in the region (I) as
the transverse components of the fluctuating electric and magnetic fields are obtained by substitution of Eqs. (20) and (21) into (16)- (19) . Region I:
Region II:
where
To obtain the conductivity tensor, we first substitute the magnetic field in the following Maxwell's equation
Into the Eq. (12) to obtain the source current, in cylindrical coordinate, as a function of electric field in regions I and II:
Region I:
Region II dĴ r;II;l;m ¼ ix 
Region II 
The dispersion relation where dq e;I;l;m and dq p;I;l;m denote the electron beam and plasma charge densities in region I, and dq p;II;l;m is the charge density of the plasma in region II.
The source charge and current density in region I, Eqs. (12), (14)- (15), and in region II, Eqs. (13) and (15), must be expressed in terms of axial components of electric and magnetic fields. The source charge and current densities are obtained by the Eqs. (16)- (21):
Region I dq e;I;l;m ¼ ix
Region II
Substitution of Eqs. (56)- (66) 
We can obtain the dispersion relation by solutions of Eqs. (67)- (70) with appropriate boundary conditions. For one of the two appropriate modes in each region, these equations reduce to:
Region I 
The solutions of Eqs. (76)-(79) in the three regions are as follows:
ð80Þ
Having applied the boundary condition of the waveguide wall, the solution in R h \ r B R g is:
The boundary conditions at the edge of the beam and the interface of the regions I and II require By applying the boundary conditions, we obtain the following four equations: 
Where P l,m , Q l,m , S l,m and T l,m are:
rr;I R1 þ i rh;I R2Þ;
rr;I R3 þ ie rh;I R4Þ;
; ð106Þ
Equations (86)- (89) include six unknown coefficients and allow us to find the solutions in terms of the two unknown coefficients. After some straightforward algebra, the axial electric and magnetic fields are written as follows: 
To obtain the final dispersion relation, we must employ the discontinuity conditions in the axial and azimuthal magnetic fields due to the helix current sheet as follows:
where, dJ k is the surface current density parallel to the helix [18] . The only non-vanishing terms in the decomposition of the helix current are those for l = -m [18] . where T 1 , T 2 , T 3 , T 4 are: Fig. 2 Plot of the normalized frequency (x) as a function of the normalized wave number (k) for several value of the cyclotron frequency for
By employing Eqs. (129)-(134) and onerous manipulations, we get:
The parameters are x p = 0.04, x b = 0, c = 1.0, and X ce = 0.0, 0.04, 0.08 and 0.12
Numerical results and conclusions

Cold helix analysis
We analyze the dispersion characteristic of the slow-wave structure from the numerical computation of the dispersion equation (142). The nominal parameters of this system correspond to a helix with a period k h ¼ 1:966 cm, a width 1 h ¼ 0:764 cm and a radius of R h ¼ 1:4 cm enclosed within a wall of radius R w ¼ 3:63 cm. Figure 6 shows the frequency versus cyclotron frequency fork ¼ k=k h ¼ 0:5. As seen in this figure, the frequency of all modes decreases with cyclotron frequency for 0.0 \ X ce \ 0.03. It is clear from Fig. 6 that the frequency of (X bp -X p ) and (O bp -X p ) modes increases with cyclotron frequency and the (O bp -O p ) and (X bp -O p ) modes decreases, for 0.04 \ X ce \ 0.12. The order of frequency for four modes is
Figure 7a-d illustrates the phase velocity as a function of frequency for different values of cyclotron frequency. From Fig. 7a and d , the phase velocity of (X bp -X p ) and (O bp -X p ) modes increases with the cyclotron frequency for 0.8 GHz \ f \ 2.8 GHz and Fig. 7b and c shows that the phase velocity of (O bp -O p ) and (X bp -O p ) modes decreases with the cyclotron frequency, for 1.9 GHz \ f \ 2.3 GHz.
The plot of the normalized frequency atk ¼ 0:605 as a function of plasma frequency is shown in Fig. 8 . The frequencies of all modes increase with plasma frequency and the order of these frequencies is The phase velocity as a function of plasma frequency at f = 2.305 GHz is shown in Fig. 10 . As shown in Fig. 10 , the order of the phase velocity is v phOX [ v phO [ v phX [ v phXO . This figure has good agreement with the simple dispersion relation of electromagnetic wave propagation inside the plasma that is,
According to this relation, the phase velocity of electromagnetic wave inside the plasma is proportional to plasma frequency and the plasma frequency increases the phase velocity.
The plot of the normalized frequency as a function of beam-plasma frequency atk ¼ 0:605 is shown in Fig. 11 . As seen in this figure, the frequency of (O bp -O p ) mode with (O bp -X p ) mode and (X bp -X p ) mode with (X bp -O p ) mode approximately coincides with each other and decreases and increases with beam density, respectively. The order of the normalized frequency is
The plot of the normalized phase velocity corresponding to f = 2.34 GHz as a function of beam density is illustrated in Fig. 12 . The phase velocity of (X bp -X p ) with (X bp -O p ) modes and (O bp -O p ) with (O bp -X p ) modes approximately coincides with each other. As shown in Fig. 12 , the order of the phase velocity is
The plot of the normalized frequency corresponding tô k ¼ 0:605 as a function of beam energy (c) is shown in Fig. 13a and b. As seen in Fig. 13a, for 1 .005 \ c \ 1.03, the frequency of the (O bp -O p ) and (O bp -X p ) modes decreases with beam energy and for 1.03 \ c \ 1.1 increases. Also from Fig. 13b, for 1 .005 \ c \ 1.06, the frequency of the (X bp -X p ) and (X bp -O p ) modes increases with beam energy and for 1.08 \ c \ 1.1 decreases. As shown in Fig. 13a and b, the orders of the normalized frequency are:
The plot of the normalized phase velocity corresponding to f = 2.34 GHz as a function of beam energy is illustrated in the Fig. 14. Figure 14 shows that, the phase velocity is a increasing function of the beam energy and remains constant after c [ 1.05. The order of the phase velocity is Figure 15 shows the plot of the growth rate as a function of frequency for all of the modes. As seen in the figure, the growth rate and the frequency bandwidth of the (X bp -O p ) mode are greater than the other modes.
Dispersion relation analysis
The variation in the normalized maximum growth rate (ðImkÞ Max ) and frequency of maximum growth rate (f Max ) with the cyclotron frequency for four modes are shown in Figs. 16, 17, 18 and 19 . It is clear from the Fig. 16 that, for the (X bp -X p ) mode the ðImkÞ Max and f Max increase with cyclotron frequency up to X ce = 0.02 and remain relatively constant thereafter. It is clear that at sufficiently strong magnetic field, the electron motion will be effectively one dimensional since the transverse motion of the electron beam in the combined axial magnetic field and the RF fields of the helix will be suppressed. It is noteworthy that using plasma in the helix, not only the maximum growth rate will increase, but also the frequency increases as well. As seen in Fig. 17 , for the (O bp -O p ) mode the ðImkÞ Max and f Max reach their highest value at X ce = 0.05. The maximum growth rate and the frequency decrease with increasing the cyclotron frequency and remain approximately constant after X ce = 0.07. Figure 18 shows that for (X bp -O p ) mode the maximum growth rate and the frequency are increasing function of X ce and remain relatively constant after X ce = 0.09. Figure 19 illustrates that for (O bp -X p ) mode the maximum growth rate and the respected maximum frequency have opposite behavior. It is clear from this figure that maximum gain and frequency are constant for X ce [ 0.11. From  Figs. 16, 17, 18 , and 19, one can conclude that the point where the maximum growth rate and frequency becomes constant is different for every mode. The angular rotation velocity for infinitely long non-neutral plasma column confined radially by a uniform magnetic field given by [4, 24] 
In the presence of plasma or some positive ions laminar rotation frequency expressed by:
Here, f is the fractional charge neutralization. The Brillouin flow in the case of propagation in vacuum corresponds to
and in the presence of plasma; we should be rewriting the right-hand side of the above equation as 2x
In this case, there is no variation in the axial velocity across the beam. There is a maximum possible radial variation in the axial velocity of the beam as the axial magnetic field increases, X ce c
This radial variation depends on the parameters of the beam and plasma. According to the above equation, the angular rotation frequency goes to zero as the magnetic field goes to infinity.
The variation in the ðImkÞ Max and f Max with the plasma frequency for the four modes is shown in Figs. (20)-(23) . Figure 20 shows that for (X bp -X p ) mode for x p \ 0.04, the maximum growth rate increases with plasma frequency and the frequency of the maximum growth rate decreases with plasma frequency. It is clear from the Fig. 20 that, for x p [ 0.07, the maximum growth rate increases with increasing plasma frequency and the frequency of the maximum growth rate remains relatively constant. Figure 21 shows that for (O bp -O p ) mode, for x p \ 0.04, the maximum growth rate increases with plasma frequency and the frequency of the maximum growth rate decreases. It is clear from Fig. 21 that for x p [ 0.1, the maximum growth rate increases with plasma frequency and the frequency of the maximum growth rate remains relatively constant. Figure 22 shows that for (X bp -O p ) mode for x p [ 0.1, the maximum growth rate increases with the increasing plasma frequency and the frequency of maximum growth rate remains relatively constant. Figure 23 shows that for (O bp -X p ) mode the behaviors of the variation of the ðImkÞ Max and f Max with increasing plasma frequency are the same as each other. The highest values of the growth rate and the frequency are at x p = 0.06. The presence of plasma strongly increases the growth rate. The presence of plasma should increase the growth rate of the electromagnetic wave. The growth rate is proportional to the Pierce gain parameter known in the theory of TWTs
Where, I b is the electron beam current and Z is the coupling impedance of electrons to the wave, which depends on the transverse structure of the wave in the beam region. The coupling impedance of solid electron beam in the presence of plasma can be much larger than the vacuum case [25] . On the other hand, presence of plasma leads to higher field concentration inside the helix than outside. Figure 24a shows the comparison between the maximum growth rates of the four modes as a function of the plasma frequency. It is clear that the behaviors of the (X bp -X p ) with (X bp -O p ) modes and (O bp -O p ) with Figure 25 shows that for (X bp -X p ) mode, for x b \ 0.0125, the maximum growth rate increases with beam density and the frequency of the maximum growth rate remains relatively constant. It is clear from the figure that for x b [ 0.0225, the maximum growth rate and the maximum frequency have the opposite behavior. Figure 26 shows that for (O bp -O p ) mode, the maximum growth rate has a maximum value at x b = 0.025. As seen in this figure for x b [ 0.025, the maximum growth rate decreases and the maximum frequency remains relatively constant. Figure 27 shows that for (X bp -O p ) mode for x b \ 0.0225, the maximum growth rate increases and the maximum frequency decreases as the x b increases. As seen in this figure for x b [ 0.03, the maximum growth rate and the maximum frequency remain relatively constant. Figure 28 shows that for (O bp -X p ) mode, for x b [ 0.015, the maximum growth rate increases and the maximum frequency remains approximately constant. The 
The parameters are x p = 0.04, x b = 0.04, c = 1.03122, and X ce = 0.04, 0.08 and 0.1 efficiency of a plasma-filled device estimated in the same way as for vacuum Cherenkov device [26] . The electron efficiency is g ffi ðc þ 1Þ=2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ðc 2 À 1Þ p C, and for low-volt-
The effect of beam energy and current is to increase the efficiency of device. Fig. 30 the maximum frequency of (X bp -X p ) mode is higher than the others.
The variation in the normalized maximum growth rate and frequency of maximum growth rate with the beam energy effect for the four modes are shown in Figs. 31, 32 , 33, and 34. As seen in Fig. 31 , the maximum frequency remains relatively constant as the beam energy increases. Figure 31 shows that the highest value of the maximum growth rate occurs at a special value of beam energy. 
Conclusions
Now, we can summarize the specific results of this project as follows.
1. In cold helix analysis, increasing in cyclotron frequency values, increases the normalized oscillation frequency (x) and normalized phase velocity (v ph ) for (X bp -X p ) and (O bp -X p ) modes while decreasesx andv ph for (O bp -O p ) and (X bp -O p ) modes. 2. In cold helix analysis, increasing in plasma frequency values, increases the normalized oscillation frequency (x) and normalized phase velocity (v ph ) for all of the four modes. 3. In hot helix analysis, in special value ofk the normalized frequency of all four modes for 0.0 \ X ce \ 0.03 decreases and for higher values of Open Access This article is distributed under the terms of the Creative Commons Attribution License which permits any use, distribution, and reproduction in any medium, provided the original author(s) and the source are credited.
